We derive an Eulerian-Lagrangian formulation for two-phase, multicomponent compositional flow in porous media with sources and sinks. The formulation can be used by many Eulerian-Lagrangian methods in solving the component mass balance equations. It can be combined with different types of pressure solvers in solving the coupled systems of compositional models. A full thermodynamic flash calculation is carried out to determine phase stability and composition.
important drive mechanisms.
Another closely related class of methods is the class of Eulerian-Lagrangian methods. Eulerian-Lagrangian methods combine the convection and capacity terms in the mass transport equations to carry out the temporal discretization in a Lagrangian coordinate, and discretize the diffusion-dispersion term on a fixed mesh. EulerianLagrangian methods symmetrize the mass transport equations and stabilize their numerical approximations. They generate accurate numerical solutions and significantly reduce the numerical diffusion and grid-orientation effect present in upwind methods, even if large time steps are used. Eulerian-Lagrangian methods have been developed for miscible displacement in enhanced oil recovery [6, 7, 8, 9, 10] and for immiscible displacement in water flooding [11, 12] . Because of increased efficiency, more components can be modeled using Eulerian-Lagrangian methods. This is very attractive in many cases. Eulerian-Lagrangian methods potentially provide a means to accurately deal with gravity at the same time as convection. This could be very important in CO 2 or gas injection processes.
In this paper we present an Eulerian-Lagrangian method for two-phase multicomponent flow and transport processes in porous media, which has high potential to improve efficiency and accuracy of numerical simulations to compositional flow and transport processes. The method retains the numerical advantages of earlier Eulerian-Lagrangian methods for single-phase flow. In addition, the accurate solution of the mass transport equations by the Eulerian-Lagrangian method provides an accurate initial guess for and so speeds up flash calculation. Conversely, the accurate flash calculation improves the solutions to the mass transport equations in the next iterative or time step. Finally, larger time steps can be used, leading to further reduction of computational storage and cost. Preliminary numerical simulation of two-phase multi-component compositional flow in a two-dimensional reservoir reveals the following observations: (1) on the same spatial partition, using a timestep ¿100 times larger, the Eulerian-Lagrangian method generates more accurate solutions with steeper fronts than the upwind method; (2) both methods use comparable CPU time per time step.
Finally, we will explore the idea on how to integrate compositional streamline methods with Eulerian-Lagrangian methods to develop a mass-conservative localstreamline Eulerian-Lagrangian method. The integrated method combines the advantages of streamline and Eulerian-Lagrangian methods and provides a mass-conservative framework. In this formulation, we track streamlines from certain quadrature points in each cell during a time step. We then use a streamline method locally in the current time interval. The advantages are as follows: (1) the tracking is needed only in evaluating the right-hand side, both the pressure and component mass transport equations are solved on the fixed mesh. Thus, no grid distortion or mapping is needed; (2) the choice of quadrature points can vary from cell to cell and from time step to time step. This adaptive feature naturally avoids the formation of clusters of points or missing cells; (3) the underlying Eulerian-Lagrangian formulation conserves mass in a systematic manner.
Mathematical model.
We consider the simultaneous transport of multiple hydrocarbon components indexed as i = 1, 2, . . . , n c , each of which can exist in a liquid phase l and a vapor phase v, flowing through a porous medium reservoir Ω. Let φ be the porosity of the medium, ρ α and s α be the molar density and saturation of phase α, and c 
Here I is the identity tensor, d m is the molecular diffusion coefficient, and d t and d l are the transverse and longitudinal dispersivities. Here we have included the diffusion-dispersion in the mathematical model because of its potential importance in applications of miscible displacement [7] .
Darcy's law establishes a relationship between Darcy velocity u α and the pressure gradient ∇p α of phase α [1, 13] 
Here k r,α , µ α , p α are the relative permeability, viscosity, and pressure of phase α for α = l, v; g is acceleration due to gravity vector; K = (k ij ) is the intrinsic permeability tensor of the medium.ρ α is mass density of phase α, which is related to molar mass density
Compositional modeling requires thermodynamic flash calculation to determine phase partition and composition and other phase properties. The real gas law is often used to describe the relationship between molar density ρ α , pressure p α of phase α and temperature T of the fluid mixture [15] 
Here R is the universal gas constant.
is the compressibility factor of phase α; it measures deviation of phase α from ideality. Z α can be computed, for example, by using Peng-Robinson equation [16] 
The constants a α and b α are calculated from phase composition c α i , the binary interaction coefficients κ ij between components i and j, and the attraction and repulsion parameters a i and b i of component i that are expressed in terms of critical pressure P i and critical temperature T i for i = 1, . . . , n c [15, 16] . 
Here the fugacity f
3. An Eulerian-Lagrangian method and a local streamline method for single-phase flow and transport. To illustrate the idea we begin by looking at an Eulerian-Lagrangian method for single-phase flow and transport. We present numerical experiments in section 5 to show the potential of the method. Then we demonstrate how to integrate this method with the streamline method to develop a mass-conservative local streamline method in the context of miscible displacement.
An Eulerian-Lagrangian method.
In this case the mass transport equations (2.1) are reduced to be follows
Here we have dropped the phase index α since it is assumed that there is only one phase present.
To reflect the Lagrangian nature of the mass transport, we choose the weighting function z(x, t) to be constant along each characteristic curves of the governing equation [17, 18, 19] . We then multiply equation (3.1) by these weighting functions z(x, t) and integrate the resulting equation to obtain an Eulerian-Lagrangian method [17, 8, 10, 19 ]
The Eulerian-Lagrangian scheme symmetrizes the governing mass transport equation and generates a symmetric and positive-definite coefficient matrix. Thus, the scheme stabilizes the numerical approximation. We note that in the scheme (3.2) all the terms but the first one on the right-hand side are defined on the fixed spatial grid and are standard integrals in finite element or finite volume methods for heat equations. These integrals can be evaluated in a fairly straightforward manner.
In the first term on the right-hand side of the scheme (3.2), the trial function c(x, t n−1 ) is known from the solution at the previous time step t n−1 . The evaluation of the weighting function z(x, t + n−1 ) requires extra attention. To evaluate z at spatial location x at time step t n−1 , we need to solve the initial-value problem of the differential equation
to track the characteristic curve r(t; x, t n−1 ) from the spatial location x at time step t n−1 to the spatial locationx = r(t n ; x, t n−1 ) at time step t n . Here the Darcy velocity u can be computed from any pressure solver. Then we calculate z(x, t
, where the weighting function z is defined as a standard shape function at time step t n . It has been shown that the Eulerian-Lagrangian scheme (3.3) is mass-conservative [17, 19, 21] . We will present the numerical results in section 5 to show the strong potential of the Eulerian-Lagrangian method.
3.
2. An integrated local streamline method. The Eulerian-Lagrangian formulation (3.2) provides an ideal platform for the development of an integrated local streamline method. We note that the mass contained in each finite element cell e ⊂ Ω at time step t n−1 is e φρc i (x, t n−1 ) dx. To evaluate this integral or the mass of the cell, we enforce an integration quadrature on this cell e with respect to the fixed spatial grid. In this way, discrete quadrature points x j (j = 1, . . . , j e ) are chosen in the cell and the integral e φρc i (x, t n−1 ) dx can be computed by the quadrature as follows
In other words, the cell e is decomposed as a set of particles x j for j = 1, . . . , j e in a systematical manner by the quadrature and the mass of cell e is assigned to the set of particles x j and weighted by the associated weighting functions z k (x j , t + n−1 ) naturally. Algorithmically, we would evolve each particle x j at time step t n−1 tox j at time step t n along the streamline. Note that the streamlines are also computed from Eq. The advantages of the proposed local streamline method can be summarized as follows: (1) Because the tracking is used only to evaluate the right-hand side of the scheme, it has no effect on the solution grids or the data structure of the scheme. Both flow and mass transport equations are solved on the fixed mesh. Thus, no grid distortion or artificial mapping is needed. (2) The choice of quadrature points can vary from cell to cell and from time step to time step. This adaptive feature naturally avoids the formation of clusters of points or missing cells. (3) It has been shown that the underlying Eulerian-Lagrangian formulation conserves mass in a systematic manner [20, 21, 19] .
4. An Eulerian-Lagrangian method and a local streamline method for compositional flow and transport. We present an Eulerian-Lagrangian method for two-phase multicomponent flow and transport. We conduct preliminary numerical example runs in section 5 to show the potential of the formulation, compared to standard explicit and implicit upwind methods. Then we propose to integrate the streamline method with the Eulerian-Lagrangian method to develop a mass-conservative local streamline method for compositional flow and transport. 
The accumulation term in Eq. were already known from flash. Thus, the equations in (4.1) are decoupled naturally and solved independently for c i at next iterative or time step. Upwind method often requires fine spatial and temporal partition to maintain stability and reasonable accuracy and to reduce excessive numerical dispersion and spurious effects due to grid orientation [2, 3] .
To design an Eulerian-Lagrangian method for compositional flow and transport, we need to rewrite the mass transport equations (4.1) in a similar form to Eq. (3.1). Thus, we have to express the advective and diffusive fluxes in terms of the overall mole fraction c i . We apply the chain rule to rewrite the diffusive flux as
To derive an Eulerian-Lagrangian formulation, we have to define an overall component velocity u i for each component i so that Eq. (4.1) can be reformulated into a similar form to single-phase flow [8, 10] . We utilize momentum balance to define a barycentric component velocity 
With all these preparations, we can now rewrite the mass transport equation (2.1) as
Eq. (4.4) is expressed in a similar form to the single-phase mass transport equation (3.1). Thus, we can write an Eulerian-Lagrangian scheme for compositional flow and transport, which is similar to the scheme (3.2). One important issue is we now need to carry out the characteristic tracking of (3.3) with the single-phase fluid velocity u being replaced by the component velocity u i for each component i (i = 1, . . . , n c ). The Eulerian-Lagrangian method for compositional flow and transport holds no matter the diffusion-dispersion tensor is included or not. When this term is included, different iterative techniques can be used to solve the mass balance equations (4.4).
For example, a Jacobi (or Gauss-Seidel) iterative technique would lag all the offdiagonal (or upper diagonal) terms in the diffusive flux to the previous time step or inner iterative step, and iterate between the equations in (4.4). Other options include solving these equations simultaneously by a Picard-or Newton-type of iterative techniques.
4.
2. An integrated local streamline method. In the streamline method for compositional flow and transport [5] , effects of gravity, capillary pressure, external source and sink, and the diffusion-dispersion tensor are neglected. Thus, the mass transport equation (2.1) can be written as
Here u is the total velocity of the fluid mixture and
is the flux of component i. Let r(ξ; x, t) be the streamline defined by the initial-value problem (3.3) with the temporal parameter θ replaced by ξ that parameterizes the streamline. Then, Eq. (4.5) is written as a one-dimensional conservation law in the streamline
Semi-analytical methods [22, 23] or high resolution methods [24, 25, 26] are used to solve the one-dimensional conservation law (4.6) for the overall mole fraction c i along each streamline.
The streamline method is implemented in an IMPEC framework. First, the pressure and velocity are computed on a fixed three-dimensional grid. Streamlines are traced throughout the computational domain. Next, compositions are mapped to streamlines, and are advected along the streamlines using local time-stepping methods until the next pressure update. The new compositions are mapped back to the pressure grid in the pressure update. Local time steps are used to advect the compositions along each individual streamline. The streamline solves are fully independent and parallelized. This makes streamline methods very efficient. There might be some potential limitations to this approach. First, streamline cross-flow is ignored during a global pressure step. This needs to be corrected for when the pressure is updated. When the impact of gravity segregation or capillary forces is important, many corrections may be required that could potentially reduce the efficiency of the method. Second, if the streamline density is insufficient, the mappings from streamlines to the pressure grid and back may cause smoothing and mass balance errors. Streamline adaptivity and grid adaptivity are introduced to control these mapping errors in recent works [27, 28] .
In the integrated local streamline method, we decompose the overall mass balance equation (2.1) in terms of Eq. (4.5) plus external source and sink as well as residual terms. We rewrite the Eulerian-Lagrangian scheme accordingly to obtain a local streamline formulation
(4.7)
{s4b:e3}
Here
is the residual flux due to capillary pressure and gravity. The proposed integrated local streamline method possesses the advantages of the local streamline method in the context of single-phase flow and transport, which were summarized in section 3.2. Furthermore, we track streamlines (instead of characteristics) from certain quadrature points in each cell during a time step, which avoids potential challenges associated with tracking characteristics for complex flow systems. Finally, effects of gravity, capillary pressure, source and sink, and the diffusion-dispersion tensor are naturally incorporated into the formulation.
Preliminary numerical experiments.
We conduct preliminary numerical experiments to perform an initial assessment on the feasibility and potential of the Eulerian-Lagrangian method, which also provides an underlying framework for the proposed integrated local streamline method. We also compare it with an explicit upwind scheme and an implicit upwind method to gain a better understanding about the performance of the Eulerian-Lagrangian scheme. In the numerical example runs, we use a uniform coarse spatial grid of ∆x = ∆y = 25 ft. We use a time step of ∆t el = 1 year or 0.054 PVI (pore volume injected) for the Eulerian-Lagrangian method, a time step of ∆t ex = 2 days or 0.0003 PVI for the explicit upwind method that is the largest possible due to the CFL constraint, We present the plots for the overall mole fraction c 1 of methane, which is computed by the explicit upwind method, by the implicit upwind method, and by the EulerianLagrangian method at t = 5 years in Figure 5 .1, and similar plots at t = 15 years in Figure 5 .2. We can similarly present the plots for phase composition c α i , but these These preliminary numerical experiments seem to suggest that the EulerianLagrangian method generates stable and accurate numerical solutions that have preserved physically reasonable propagation fronts, even if a large time step of ∆t el = 1 year and a coarse spatial grid are used. In this example run, the largest possible time step for the explicit upwind method is ∆t up = 2 days. With a very fine time step and the same spatial grid, the explicit upwind method generates qualitatively similar overall mole fractions as the Eulerian-Lagrangian method but with a much wider propagation front. The front in the diagonal direction from the injection well to the production well is smeared out due to the transverse numerical diffusion. When we refine the spatial grid and time step in the upwind method, we obtain numerical solutions that are of similar qualitative behavior and are closer to the solutions by the Eulerian-Lagrangian method. The implicit upwind method allows the use of a time step of 1 month. However, it generates numerical solutions with even more numerical diffusion than the explicit upwind method.
Finally, it is instructive to compare the computational efficiency of the explicit upwind method, the implicit upwind method, and the Eulerian-Lagrangian method. In the context of multiphase component flow and transport processes, it is observed that all the three methods consume comparable CPU time per time step, because all these methods have to solve the same pressure equation and to conduct the same flash calculations that uses a large portion of CPU time. These results demonstrate that the Eulerian-Lagrangian approach not only represents the solutions properly, but also has obvious computational benefits compared to traditional methods.
